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WEIGHTED ITERATED HARDY-TYPE INEQUALITIES 


AMIRAN GOGATISHVILI AND RZA MUSTAFAYEV 


Abstract. In this paper a reduction and equivalence theorems for the boundedness of the composition of a 
quasilinear operator T with the Hardy and Copson operators in weighted Lebesgue spaces are proved. New 
equivalence theorems are obtained for the operator T to be bounded in weighted Lebesgue spaces restricted 
to the cones of monotone functions, which allow to change the cone of non-decreasing functions to the 
cone of non-increasing functions and vice versa not changing the operator T. New characterizations of the 
weighted Hardy-type inequalities on the cones of monotone functions are given. The validity of so-called 
weighted iterated Hardy-type inequalities are characterized. 


1 . Introduction 


The well-known two-weight Hardy-type inequalities 

( 1 . 1 ) 


and 

( 1 . 2 ) 


\‘i \i/e / r°° \i/p 

/(r) drj w{x) dx^ ~ \J 


’ w \i/e / dip 

f(T) dr ) w(x) dx] < o 


f^(x)v(x) dxj 

0 ^Jx ' ' ^ DO ' 

for all non-negative measurable funetions / on (0, oo), where 0 < p, q < oo with c being a eonstant 
independent of /, have a broad variety of applications and represents now a basie tool in many parts of 
mathematieal analysis, namely in the study of weighted funetion inequalities. For the results, history and 
applieations of this problem, see [33,34,36]. 

Throughout the paper we assume that I := (a, b) Q (0, oo). By 931(7) we denote the set of all measurable 
functions on 7. The symbol 99{'^(7) stands for the colleetion of all / e 9Jl(7) which are non-negative on 
7, while 997'^(7; J.) and 9JU(7; ]") are used to denote the subset of those functions which are non-increasing 
and non-deereasing on 7, respeetively. When 7 = (0, oo), we write simply 9Ji^ and 997^ instead of 997'^(7; J.) 
and 93U(7; ]"), aeeordingly. The family of all weight funetions (also called just weights) on 7, that is, 
locally integrable non-negative functions on (0, oo), is given by 'W(I). 

For p e (0, oo] and w g 997'^(7), we define the funetional || • \\p,w,i on 997(7) by 

I ess sup; |/(.r)|w(j£:) if p = oo. 

If, in addition, w e ’W{I), then the weighted Lebesgue spaee LPiw, I) is given by 


L^(w, 7 ) = {/G 997 ( 7 ): ||/IU/< oo}, 
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and it is equipped with the quasi-norm || • 

When w = 1 on 7, we write simply L^(I) and || • \\pj instead of L^(w, 7) and || • \\p^w,i, respeetively. 

Suppose / be a measurable a.e. finite funetion on R”. Then its non-inereasing rearrangement f* is 
given by 

fit) = inf{T > 0 : |{y 6 R" : |/(y)| > A}\ < t}, t€ (0, c«), 
and let /** denotes the Hardy-Littlewood maximal funetion of /, i.e. 

r(0:=| r fir) dr, t > 0. 

* Jo 

Quite many familiar funetion spaees ean be defined using the non-inereasing rearrangement of a funetion. 
One of the most important elasses of sueh spaees are the so-ealled elassieal Lorentz spaees. 

Let p G (0, oo) and w G 'W. Then the elassieal Lorentz spaees A^(w) and rP(w) eonsist of all funetions 
/ G 9J{ for whieh H/Hapcw) < oo and ||/||rp(w) < oo, respeetively. Here it is 

II/IIap(w) := ll/*llp,w,(o,oo) and ll/llrp(w) •= ll/**llp,w,( 0 ,oo). 

For more information about the Lorentz A and T see e.g. [11] and the referenees therein. 

There has been eonsiderable progress in the eirele of problems eoneeming eharaeterization of bound¬ 
edness of elassieal operators aeting in weighted Lorentz spaees sinee the beginnig of the 1990s. The 
first results on the problem A^(v) T^Cv), 1 < p < oo, whieh is equivalent to inequality (1.1) re- 
strieted to the eones of non-inereasing funetions, were obtained by Boyd [5] and in an explieit form by 
Arino and Muekenhoupt [3]. The problem with w v and pi^q, \ <p,q<oo was first sueeessfully 
solved by Sawyer [40]. Many artieles on this topie followed, providing the results for a wider range of 
parameters. In partieular, mueh attention was paid to inequalities (1.1) and (1.2) restrieted to the eones 
of monotone funetions; see for instanee [3,4, 10, 12, 15,22-32,35,37,40,43,45-47], survey [11], the 
monographs [33,34], for the latest development of this subjeet see [27], and referenees given there. The 
restrieted operator inequalities may often be handled by the so-ealled ’’reduetion theorems”. These, in 
general, reduee a restrieted inequality into eertain non-restrieted inequalities. For example, the restrietion 
to non-inereasing or quasi-eoneave funetions may be handled in this way, see e.g. [24-27,42]. At the 
initial stage the main tool was the Sawyer duality prineiple [40], whieh allowed one to reduee an U - U 
inequality for monotone funetions with l<p,^<ootoa more manageable inequality for arbitrary 
non-negative funetions. This prineiple was extended by Stepanov in [46] to the ease 0<p<\<q<oo. 
In the same work Stepanov applied a different approaeh to this problem, so-ealled reduetion theorems, 
whieh enabled to extend the range of parameters to 1 < p < oo, 0 < ^ < oo. The ease p<^, 0<p<l 
was alternatively eharaeterized in [8, 12,35,46,47]. Later on some direet reduetion theorems were found 
in [10,23,27] involving supremum operators whieh work for the ease 0 < ^ < p < 1. 

In this paper we eonsider operators T : ^ satisfying the following eonditions: 

(i) T{Af) = AT f for all T > 0 and / G 9JL; 

(ii) T f{x) < cTg(x) for almost all x G R+ if f(x) < g(x) for almost all x G R+, with eonstant c > 0 
independent of / and g; 

(iii) r(/ -I- AV) < c(Tf + ATI) for all / G and T > 0, with a eonstant c > 0 independent of / and A. 

Given a operator T : iOL ^ iOL, for 0 < p < oo and u g denote by 

TpAs) := {ngPu)flP, 


g G 9jr. 


WEIGHTED ITERATED HARDY-TYPE INEQUALITIES 


3 


Hence j = T. When p = 1, we write instead of Ti 
Denote by 

Hg{t)-.= r g{s)ds, ^6 air, 

Jo 

and 

f oo 

g{s)ds, ^6 air, 

the Hardy operator and Copson operator, respectively. 

In the paper we prove a reduction and equivalence theorems for the boundedness of the composition 
operators T oH or T o //* of a quasiliear operator T : aR"^ ^ air with the operators H and H* in weighted 
Lebesgue spaces. To be more precise, we consider inequalities 


(1.3) 

and 

(1.4) 


T\ I h 


T\ I h 


< cl 




/? eair 




^ c ||/i||i,v,(o,oo), h e aJT". 


/?,W,( 0 ,CX)) 


Using these equivalence theorems, in particular, we completely characterize the validity of the iterated 
Hardy-type inequalities 




p,U 


h 


— C ||^||.s,v,(0,Oo)j 


q,w,{0,oo) 


(1.5) 
and 

( 1 . 6 ) 

^.wTO.oo) 

where 0<p<oo,0<q<oo,\<s<oo,u,w and v are weight functions on (0, oo). 
It is worth to mentoin that the characterizations of ’’dual” inequalities 


HpJ I h 


— C ||^||.?,i’,(0,oo)j 


(1.7) 

and 

( 1 . 8 ) 


H 


p,U 


H 


p,U 


h 


h 


— C ||^||.s,v,(0,oo)j 


^,w,(0,oo) 


— C ||^||.s,v,(0,oo)j 


^,w,(0,oo) 


can be easily obtained from the solutions of inequalities (1.5) - (1.6), respectively, by change of variables. 

In the case when p = I, using the Fubini Theorem, inequalities (1.5) and (1.6) can be reduced to the 
weighted U - U boundedness problem of the Volterra operator 


{Kh){x) 


with the kernel 


and the Stieltjes operator 


-f 

,y):= r 

Jy 


k(x, y)h(y) dy, y > 0, 


u{t) dt, 0 < y < X < oo. 


(Sh)(x) 


-f 


h(t) dt 


U{x) + U{ty 

respectively, and consequently, can be easily solved. Indeed: 
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By the Fubini Theorem, we see that 




h(T) dTj u{t) dt 

On the other hand, it is easy to see that 


I Kx, 

Jo 


T)h(T) dr, h e 93^(0, oo). 


h(s) j u(t) dt ~ U{x) ■ S (hU){x), h 6 931+(0, ( 


3)- 


Note that the weighted U - U boundedness of Volterra operators K, that is, inequality 
(1.9) l|i^/z||,,w,(0,co) < cllhll,,, ( 0 , 00 ), h e 9Jl+(0, c«). 


is eompletely eharaeterized for \ < s < oo,{) < q < oo (see [27] and referenees given there). 

The usual Stieltjes transform is obtained on putting U{x) = x. In the ease U{x) = x'^, A > 0, the 
boundedness of the operator S between weighted U and U spaees, namely inequality 

(1.10) l|5h||,,,,(0,oo) < c||h||,,,,(o,oo), h G 9Jl+(0, oo), 


was investigated in [2] (when I < s < q < oo), in [41] (when I < q < s < oo), in [13] (see also [14]) 
(when l<5<oo, 0<^< oo), where the result is presented without proof. This problem also was 
eonsidered in [16] and [20,21], where eompletely different approach was used, based on the so called 
“gluing lemma” (see also [17]). It is proved in [19] (when l^j’^oo, 0<^<oo) that inequality (1.10) 
holds if and only if 


( 1 . 11 ) 



^,w,(0,oo) 




h G a)i+(o, oo), 


holds, and the solution of (1.10) is obtained using characterization of inequality (1.11). 

Note that inequality (1.6) has been completely characterized in [18] and [19] in the case 0 < p < oo, 
0<(5'<oo, l^j'^ooby using difficult discretization and anti-discretization methods. Inequalities (1.5) 
- (1.6) and (1.7) - (1.8) were considered also in [38] and [39], but characterization obtained there is not 
complete and seems to us unsatisfactory from a practical point of view. 

We pronounce that the characterizations of inequalities (1.5)-(1.6) and (1.7)-(1.8) are important be¬ 
cause many inequalities for classical operators can be reduced to them (for illustrations of this important 
fact, see, for instance, [19]). These inequalities play an important role in the theory of Morrey-type 
spaces and other topics (see [6], [7] and [9]). It is worth to mention that using characterizations of 
weighted Hardy inequalities we can show that the characterization of the boundedness of bilinear Hardy 
inequalities, namely of the inequality 


(1-12) ll^iy ■ ^2gllM',g,{0,oo) ^ c||/'||pj,V],(0,oo)||g||p2,V2,(0,oo), 

for all / G L^‘(vi, (0, oo)) and g G Lp^{v 2 , (0, oo)) with constant c independent of / and g, where T,- = 
H or//*, i = 1, 2, are equivalent to inequalities (1.5)-(1.6) and (1.7)-(1.8) (see, for instance, [1]). 

It is well-known that when T is a integral operator then by substitution of variables it is possible to 
change the cone of non-decreasing functions to the cone of non-increasing functions and vice versa, when 
considering inequalities 

(1.13) l|7’/iUw.(o,co) < c||/|L,,,(o,«,), / e oo), 

and 

(1.14) I|7’/II/3,w,(0,oo) < c||/|[5,v,(0,oo), 


/ G 9J1^(0, C«), 
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but this procedure ehanges T also as usually to the ’’dual” operator. Theorems proved in Seetion 4 allows 
to ehange the eones to eaeh other not ehanging the operator T. This new observation enables to state that 
if we know solution of one inequality on any eone of monotone funetions, then we eould eharaeterize the 
inequality on the other eone of monotone funetions. 

The paper is organized as follows. Seetion 2 eontains some preliminaries along with the standard 
ingredients used in the proofs. In Seetion 3 we prove the reduetion and equivalenee theorems for the 
boundedness of the eomposition operators T o H or T o H* in weighted Lebesgue spaees. In Seetion 4 the 
equivalenee theorems whieh allow to ehange the eones of monotone funetions to eaeh other not ehanging 
the operator T are proved. In Seetion 5 we obtain a new eharaeterizations of the weighted Hardy-type 
inequalities on the eones of monotone funetions. In Seetion 6 we give eomplete eharaeterization of 
inequalities (1.5) - (1.6) and (1.7) - (1.8). 

2. Notations and Preliminaries 

Throughout the paper, we always denote by c or C a positive eonstant, whieh is independent of main 
parameters but it may vary from line to line. However a eonstant with subseript or superseript sueh as C\ 
does not ehange in different oeeurrenees. 'Qy a < b, {b > a) we mean that a < Ab, where T > 0 depends 
on inessential parameters. If a < b and b < a, we write a ~ b and say that a and b are equivalent. We 
will denote by 1 the funetion \{x) = 1, a G (0, oo). Unless a speeial remark is made, the differential 
element dx is omitted when the integrals under eonsideration are the Lebesgue integrals. Everywhere in 
the paper, u, v and w are weights. 

Convention 2.1. We adopt the following eonventions: 

(i) Throughout the paper we put 0 • oo = 0, oo/oo = 0 and 0/0 = 0. 

(ii) If p e [1, -i-oo], we define p' by 1/p -i- 1/p' = 1. 

(iii) If 0 < ^ < p < oo, we define r by 1/r = l/q - \ /p. 

(iv) If 7 = (a, b) Q M. and g is monotone funetion on 7, then by g(a) and g(b) we mean the limits 
\im^-,a+ g(x) and lim;,^^- g(x), respeetively. 

To state the next statements we need the following notations: 


7/(0 := j 

nt noo 

u, U^(t) := f u, 

y(0 := J 

> 

II 

t" O 

W(0 := ^ 

'll 


Theorem 2.2 ([27], Theorem 3.1). Let 0 < j3 < co and 1 < 5 < oo, and let T : — > 9IU be a positive 

operator. Then the inequality 

(2.1) l|7’/IUw,(o,co) < c||/|L,,(o,c„), / e aR^(0, c«) 

implies the inequality 

^ c||^IUy*v'-L( 0 ,oo)j h G 9J1'''(0, oo). 

_ .. /?,H',{0,Oo) 

IfV{oo) = oo and ifT is an operator satisfying conditions (i)-(ii), then the condition (2.2) is sufficient for 
inequality (2.1) to hold on the cone SOI'*'. Further, iff) < V{oo) < oo, then a sufficient condition for (2.1) to 


( 2 . 2 ) 
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hold on StR-*- is that both (2.2) and 

(2.3) l|7’l|Uw,(0,oo) < c||l||i,v,(0,oo) 

hold in the case when T satisfies the conditions (i)-(iii). 

Theorem 2.3 ([27], Theorem 3.2). Let 0 < fi < oo and I < s < co, and let T : 
conditions (i) and (ii). Then a sufficient condition for inequality (2.1) to hold is that 


satisfies 


(2.4) 


- r 

V\x) Jo 


hV 


< c\\h\l 


/3,w,(0,oo) 


\(0,oo)? 


h £ 9ir(0, oo). 


Moreover, (2.1) is necessary for (2.4) to hold if conditions (i)-(iii) are all satisfied. 

Theorem 2.4 ([27], Theorem 3.3). Let 0 < f3 < oo and 1 < 5 < oo, and let T : 
operator. Then the inequality 

(2.5) lir/IUw,(o,oo) < c||/|L,,(o,c„), / e 9J{^(0, c«) 

implies the inequality 


be a positive 


( 2 . 6 ) 


h 


/J,w,(0,oo) 


^ c||/z||i_ysvl-i_(0,oo), h G 9[R'^(0, oo). 


IfVdO) = oo and ifT is an operator satisfying the conditions (i)-(ii), then the condition (2.6) is sufficient 
for inequality (2.5) to hold. IfO < y*(0) < oo and T is an operator satisfying the conditions (i)-(iii), then 
(2.5) follows from (2.6) and (2.3). 


Theorem 2.5 ([27], Theorem 3.4). Let 0 < /3 < oo and 1 < 5 < oo, and let T : 93T 
conditions (i) and (ii). Then a sufficient condition for inequality (2.5) to hold is that 


iljy satisfies 


(2.7) 


1 r 


hV„ 


/J,w,(0,oo) 


< c||/z||,,v'-^( 0 ,oo), h e 91^(0, oo). 


Moreover, (2.5) is necessary for (2.7) to hold if conditions (i)-(iii) are all satisfied. 


3. Reduction and equivalence theorems 

In this section we prove some reduetion and equivalenee theorems for inequalities (1.3) and (1.4). 

3.1. The case 1 < 5 < oo. The following theorem allows to reduee the iterated inequality (1.3) to the 
inequality on the eone of non-increasing funetions. 

Theorem 3.1. Let 0<li<oo, \ <s<oo, and let T : 9Ji'^ ^ satisfies conditions (i)-(iii). Assume 
that u, w £ AViO, oo) and v £ AViO, oo) be such that 

(3.1) r v^~^(t)dt<oo for all v > 0. 

Jo 

Then inequality (1.3) holds iff 

(3.2) I|2’(I)2/||/3,w,(0,oo) < c|l/lli,<^,(o,oo), / s 911'*', 
holds, where 
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Proof. Note that O ^ « v. Inequality (1.3) is equivalent to the inequality 


(3.3) 


7’(D2 


.02(;c) 

Obviously, (3.3) is equivalent to 


- r 

■(x) Jo 


h 


< c\\h\\ 


P,W,(0,Oo) 


5,<1) %(0,OO)9 


h £ 


(3.4) 


T(h2 


- r 

fHx) J„ 


/?o 


/3,w,(0,oo) 


< c||/i||,,^i-..,(0,oo), h e 9jr 


By Theorem 2.3, inequality (3.4) is equivalent to 

I|7’(D2/||/3,w,(0,oo) < c|l/IL,(^,( 0 ,oo), / £ 911'*'. 

This eompletes the proof. □ 

We immediately get the following equivalenee statements. 

Corollary 3.2. Let 0<j8<oo, l<s<oo, 0<S<s, and let T : ^ 9JC satisfies conditions (i)-(iii). 

Assume that u, w e AViO, oo) and v e TV(0, oo) be such that (3.1) holds. Then inequality (1.3) holds ijf 
both 


(3.5) 

and 

(3.6) 
hold. 


T^2 


f 


h^ 


1/5 


^,W,(0,oo) 




l|ra.2(l)||/j ,vy,{ 0 ,oo) ^ cllHI .S', 0 ,( 0 , 00)9 


Proof. By Theorem 3.1, inequality (1.3) is equivalent to 

(3.7) l|ra,2/IUv.,(o,c») < c||/|L,^,(o,«,), / e mf 
Sinee (3.7) is equivalent to 

(3.8) l|7’/||/3/a,w,(0,oo) < c^II/IL/5,0,(o,oo), / £ 911'*', 

with 

f(f) := [T^2(f/^)]\ 

it remains to apply Theorem 2.2. 


□ 


Corollary 3.3. Let 0<fi<oo, l<s<oo, 0<6<s, and let T : ^ 9JC satisfies conditions (i)-(iii). 

Assume that u, w £ AViO, 00 ) and v £ AV(0, 00 ) be such that (3.1) holds. Then inequality (1.3) holds ijf 


(3.9) 

holds. 


T,^2{\-IIS) 


X 


■JC 1/5 

5 




p.wXO.co) 


— -^^^(0,00), h £ 911 


Proof. By Theorem 3.1, inequality (1.3) is equivalent to 

(3.10) 11^0,2/11^,< c||/ILa(0,co), / £ 991^^. 
We know that (3.10) is equivalent to 

(3.11) I|7’/II/3/5,w,(0,oo) < c'^II/IL/5A(0,oo), / £ 9J1'*', 

with 

f{,f):={T^2{fl^)]\ 
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By Theorem 2.3, we see that (3.11) is equivalent to 


(3.12) 


- r 

K'W Jo 


hQ> 


^ h e ©{'''(O, oo). 


y3/5,w,(0,oo) 

To complete the proof it suffices to note that (3.12) is equivalent to (3.9). □ 

The following ’’dual” version of the reduction and equivalence statements also hold true and may be 
proved analogously. 

Theorem 3.4. Let 0<li<oo, \ <s<oo, and let T : ^ satisfies conditions (i)-(iii). Assume 

that u, w £ AViO, oo) and v e AViO, oo) be such that 




(0 dt < oo for all X > 0. 


(3.13) 

Then inequality (1.4) holds iff 

(3.14) l|T>p2/||/3,w,(0,oo) < c||/|b^^,{o,oo), / e 
holds, where 

if/(x) = f[v; 5](v) : 

and 


v' ^\f)dt\ v' ■'(a) 


X OO , /~sO 

fit) = 


^ (t) dt 


1 

.?' + ! 


Corollary 3.5. Let 0</3<oo, l<s<oo, 0<6<s, and let T : ^ 91C satisfies conditions (i)-(iii). 

Assume that u, w £ AV(0, oo) and v £ AV(0, oo) be such that (3.13) holds. Then inequality (1.4) holds iff 
both 


(3.15) 

and 

(3.16) 
hold. 


Tt^i 


ir 


iM 


h^ 


/3,w,(0,oo) 




,VT,(0,oo) — ^lll|Ly,^,(0,oo)j 


Corollary 3.6. Let 0<fi<oo, \ <s<oo, 0<d<s, and let T : ^ 91C satisfies conditions (i)-(iii). 

Assume that u, w £ AV(0, oo) and v £ AV(0, oo) be such that (3.13) holds. Then inequality (1.4) holds iff 


(3.17) 

holds. 


Tx^2{ 


\-llS) 


J f~%0 

X 


h^A> 


1/5 


/3,w,(0,oo) 




The following theorem allows to reduce the iterated inequality (1.3) to the inequality on the cone of 
non-decreasing functions. 

Theorem 3.7. Let 0<fi<oo, l<s<oo, and let T : ^ satisfies conditions (i)-(iii). Assume 

that u, w £ AV(0, oo) and v 6 AV(0, oo) be such that (3.1) holds. Then inequality (1.3) holds iff both 

||T'(J)2[y;^].VJ/2/i[(J)[y;^]l/tf0[y;^]l-i/i;^/5]y||^ ^ ^ l l y l l i,l/( [<!> [V;i] [V;.V] ' “ ViS ; ^(0,OO) ) ^ ) 

where 0 < 6 < s, 

iA[0[v; sf^fiv- ^]i-^/y5M](v) 
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/+(£/«' 


^ (I-") -(I •■") 

'P[0[v; sf^cpiv, sl6]{x) * { £ ( 




v'-" (t) dt 


1 

l+(.s/<5)' 


and (3.6) hold. 


Proof. By Corollary 3.2, (1.3) holds iff both (3.5) and (3.6) hold. It is easy to see that (3.5) is equivalent 
to 


(3.18) 

Since 


X 


T’a.M h 


1/5 


< 


y0/(5,W,{O,OO) 




iA[0[v; sy/^fiv; ^M](y) 


0[v; s ]) ‘^0[v; 5 ]-("/^^'(y)0[v; s](x) 


jsIS)' 

0[v; - 0[v; 5 ]^-(^^^^'(oo)) ‘^0[v; 5 ]"("^^^'(y)</>[v; 5](y) 


.1-5' 


W£/^ 

“1+7“ 


,1-5' 


r 


0 

.y Hsisy 

,l-5 \ ,,1-5 


l-(.y/5)' (.y/5)' 

1+/ 'j 1+(5/<5)' 


ulsy 

l+(5/d)' 


s'Hs 15)' 

1 / \ I -‘r S' 1 / 

I (x) 


s'+{s/sy 


v^-^'{t)dt} (I (y), 


and 


'P[0[v; sY'^cpiv; sl6]{x) 


0[v; sp^'^Uiv, 
0[v; - 0[v; 


I 


l-(Vtf)' 

V 

0 

CO , r't ■ -2±W«' 

V 

0 


.1-5' 


y-{sis)' 1 
,/ \ 1+.?' I l+(s/(5)' 


1 , t 1+.?' , , 

' v^-^{t)dt 


1+(!/«' 


by Theorem 3.4, we complete the proof. 


□ 


Corollary 3.8. Let 0<l5<oo, \ <s<oo, and let T : Slt"^ ^ satisfies conditions (i)-(iii). Assume 
that u, w £ AV(0, oo) and v £ 'W(0, oo) be such that (3.1) holds. Then inequality (1.3) holds iff both 


where 


||7’(D2[v;i]'T‘*/T1>[v;i]2<A[v;i+‘;2]/||^n,(0^oo) “ ; 2 ],( 0 ,oo), / S 

i/^[<I)[v; sffiv, 5]“^;2](y) 


r 


•^-^'^'"'y-^\t)dt 


2+7 

1 / \ 1 +.?' , / 

(y). 
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□ 


^oo W 2+/ I 

¥[0[v;^]V[v;5]-';2](a) « I J ( , 

and (3.6) hold. 

Proof. The statement follows by Theorem 3.7 with 6 = s/l. 

The following ’’dual” statement also holds true and may be proved analogously. 

Theorem 3.9. Let Q<p<oo, \ <s<oo, and let T : ^ 9J1'^ satisfies conditions (i)-(iii). Assume 

that u, w £ TV(0, oo) and v £ AViO, oo) be such that (3.13) holds. Then inequality (1.4) holds iff both 

(0,oo), / S 911'*', 

where 0 < 6 < s, 

0[¥[v; sf^fiv- 5]‘-^/^;^M](a) 


I (I 


_Wff 

1+(!/«)' 


i'+(i/i5)' 

V ^ I v^“" (a), 


, . ^oo sjis/p_ 

V[v; ^/d](A) « {(I vi -^'(0 dt 


1 


\HsW 


0['P[v; 

and (3.6) hold. 

Corollary 3.10. Let 0<yS<oo, l< 5 <oo, and let T : 931'^ ^ 9JC satisfies conditions (i)-(iii). Assume 
that u, w £ 'Tb'(0, oo) and v £ '1V(0, oo) be such that (3.13) holds. Then inequality (1.4) holds iff both 

||7’'p2[v;i]-<I)VJ['P[v;i]2i/,[v;i]-l;2]/||^_^(0,oo) “ ‘^ll/lli,<^['l'[v;i]V[v;i]-‘;2],(0,oo), / S 9J1'*', 

where 

(P[A>[v- sffiiv- 5]-‘;2](y) 

2+./ 2 oo 2+j' 

.\ l-l-r' \ ! /\ 1+-?^ 1 / 

' ) (Y), 


o['P[v;5]V[v;5]-‘;2 ](y) (J 


2-t-s' 

TkT" 


V ■' (t)dt} , 


and (3.6) hold. 

з. 2. The case 5=1. In this case we have the following results. 

Theorem 3.11. Let 0 < yS < oo, and let T : 91C —> 991'^ satisfies conditions (i)-(iii). Assume that 

и, w £ AV(0, oo) and v £ TV(0, oo) be such that V(x) < oofar all x > 0. Then inequality 


h 


yS,112,(0,00) 


^ c l|li|li,y“',(0,oo), h £ iDT', 


(3.19) 
holds iff 

(3.20) WTv^fW^.wxo.oo) < c||/||i,v,(0,oo), / s 911'*'. 
Proof. Inequality (3.19) is equivalent to the inequality 


(3.21) 


ry2 




<c| 


ll,(0,oo): 


h £ 9ir 


/?,W,(0,oo) 


By Theorem 2.3, inequality (3.21) is equivalent to (3.20). 


□ 
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Corollary 3.12. Let 0<P<oo, Q<6<\, and let T : satisfies conditions (i)-(iii). Assume 

that u, w £ "WiO, oo) and v £ AViO, oo) be such that V(x) < oofar all x > 0. Then inequality (3.19) holds 
ijfboth 


(3.22) 

and 

(3.23) 
hold. 



' ^OO 

IM 

A.(| 

Oo 

) 


/3,w,(0,oo) 


^ c||^IIi,t>Av>-P'’,(0,oo)5 h £ SDC, 


I|ry2(l)||^ ,w,(0,oo) ^ cllHI l,l',(0,OO)5 


Proof. By Theorem 3.11, inequality (3.19) is equivalent to (3.20). Sinee (3.20) is equivalent to 


(3.24) WlTvAf'^)}' 

it remains to apply Theorem 2.2. 


/J/(5,w,(0,oo) 


< c^WfWmvxo.^), f e 


□ 


Corollary 3.13. Let 0</3<oo, 0<6<1, and let T : 9Ji'^ —> 9JC satisfies conditions (i)-(iii). Assume 
that u, w £ AV(0, oo) and v £ 'TC(0, oo) be such that V(x) < oofar all x > 0. Then inequality (3.19) holds 

iff 


(3.25) 

holds. 


Tym- 


i/« 


f 


h^V 


l/<5 


/3,w,(0,oo) 


^ c||^lll,vl->A,(0,oo), h £ 91^ 


Proof. By Theorem 3.11, inequality (3.19) is equivalent to (3.24). By Theorem 2.3, we see that (3.24) is 
equivalent to 


(3.26) 


Tv^ 


- f 

V’-U) Jo 


hV 


j8/5,w,{0,oo) 


^ C'^ll^lll/(5,v'-i/'5,(0,oo), h £ i0{'''(0, oo). 


To eomplete the proof it suffiees to note that (3.26) is equivalent to (3.25). 


□ 


The following theorem allows to reduee the iterated inequality (3.19) to the inequality on the eone of 
non-decreasing functions. 

Theorem 3.14. Let 0 < fi < oo, and let T : 9Ji'^ ^ 93C satisfies conditions (i)-(iii). Assume that 
u, w £ AViO, oo) and v £ AV{0, oo) be such that V(x) < oofar all x > 0. Then inequality (3.19) holds iff 
both 

(3.27) < c||/||y^!,[ylM,,l-lA;l/5],{0,oo), / € 

where 0 < d < 1, 


l/^](^) 


(US)' 




and (3.23) hold. 
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Proof. By Corollary 3.12, inequality (3.19) holds iff both (3.22) and (3.23) hold. It is easy to see that 
(3.22) is equivalent to 


(3.28) 


Tv^ 


( po 

VkJx 


IM 


h\ 


^ C^ll^lll/5,VVi5vl-lM (0,oo), h 6 


/3/5,w,(0,oo) 

By Theorem 3.4, inequality (3.28) is equivalent to 




f!/S,W,{0,co) 


whieh is evidently equivalent to (3.27). 

It remains to note that 

I/d](Y) 


(IM)' 


y-(lM)'(;c)v(A), 


y-(lM)'l 


1 

l+(l/<5)' 


□ 


Corollary 3.15. Let 0 < < oo, and let T : 93C ^ 93C satisfies conditions (i)-(iii). Assume that 

u, w & '3V(0, oo) and v G TV(0, oo) be such that V(x) < oo for all x > 0. Then inequality (3.19) holds iff 
both 


(3.29) 

where 


y2ij/4(y2„-1.2] (/) 


/J,w,{0,oo) 


^ c||/||yi^[y2,,-i.2]^(0,oo), / € 


v-2/3 

y^vj V-\x)v{x) 

« y/3 

y-^vi 


<A[yV';2](A)^ 

'T[yV';2](Y) ^ 

and (3.23) hold. 

Proof. The statement follows by Theorem 3.14 with 6 = 1/2. 

The following statement immediately follows from Theorem 3.11. 

Corollary 3.16. Let 0 < fi < oo, and let T : 931'^ — > 931"^ satisfies conditions (i)-(iii). Assume that 
u, w £ AViO, oo) and v £ AViO, oo) be such that y*(A) < oofor all x > 0 and y*(0) = oo. Then inequality 


□ 


(3.30) 

holds iff 

(3.31) 
holds. 

Proof. Sinee 


it remains to apply Theorem 3.11. 


T\ I h 


^ c l|/*lli,v.,(o,oo), h £ 93C, 


/3,vv',(0,oo) 


\\Tv,2f\\M,^) < c||/|li,yy2_(o,oo), / e 93tJ^ 


y*(A) 


Iw)' 


V > 0, 


□ 
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Corollary 3.17. Let 0<jS<oo, 0<(5<1, and let T : satisfies conditions (i)-(iii). Assume 

that u, w £ "WiO, oo) and v £ ’WiO, oo) be such that Vt(x) < oo for all x > 0 and y*(0) = oo. Then 
inequality (3.30) holds iff both 


(3.32) 


/ 


1/5 


11‘‘i 

) 


/J,w,(0,oo) 




£y)V 


holds. 


Corollary 3.18. Let 0<l3<oo, 0<S<1, and let T : satisfies conditions (i)-(iii). Assume 

that u, w £ AViO, oo) and v £ AViO, oo) be such that Vfix) < oo for all x > 0 and y*(0) = oo. Then 
inequality (3.30) holds iff 

/3,w,(0,oo) 


(3.33) 


Ty2{llS-\) 


I 

Jn 


) 1/0 

A 


holds. 


The following ’’dual” statements also hold true and may be proved analogously. 


Theorem 3.19. Let 0 < yS < oo, and let T : satisfies conditions (i)-(iii). Assume that 

u, w £ AV(0, oo) and v G '3y(0, oo) be such that Vdx) < oofor all a > 0. Then inequality 


(3.34) 

holds iff 


T{ I h 


/?,w,(0,oo) 


< C ||/l|li,y-i,(0,oo), h £ air, 


(3.35) 


\\TVlfWp.wMoo) < c||/||l,v,(0,oo), / s aj{^. 


Corollary 3.20. Let 0<yS<oo, 0<d<l, and let T : aiC —> aJl"^ satisfies conditions (i)-(iii). Assume 
that u, w £ AV{0, oo) and v £ AV(0, oo) be such that V^x) < oofor all x > 0. Then inequality (3.34) holds 
iff both 


(3.36) 



/3,w,(0,oo) 


<c\\h\\, 


yjA'- 


US 


,(0,oo)' 


h £ aar 


and 


(3.37) l|Ty2(l)||^^V,(0,oo) < c||l||l,i,,(0,oo), 

hold. 


Corollary 3.21. Let 0<yS<oo, 0<d<l, and let T : aJl"^ —> ajr satisfies conditions (i)-(iii). Assume 
that u, w £ AV(0, oo) and v £ '4y(0, oo) be such that V^x) < oofor all y > 0. Then inequality (3.34) holds 

iff 


(3.38) 


TyUi- 


l/S) 


f 


h^V. 


1/5 


< c\\h\\ 


/?,W,(0,oo) 


1 , 1 '^ ^'^‘^,( 0 , 00 )? 


h £ aai^ 


holds. 


Theorem 3.22. Let 0 < < oo, and let T : aJC —> ajr satisfies conditions (i)-(iii). Assume that 

u, w £ AV(0, oo) and v £ AV(0, oo) be such that V^x) < oofor all y > 0. Then inequality (3.34) holds iff 
both 


(3.39) 
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where 0 < 5 < 1, 

and (3.37) hold. 


Corollary 3.23. Let 0 < /3 < oo, and let T : ^ satisfies conditions (i)-(iii). Assume that 

u, w £ AViO, oo) and v e AViO, oo) be such that V^x) < oo for all y > 0. Then inequality (3.34) holds iff 
both 




/3,w,(0,oo) 


^ ^^ll/lll,<^[y.V‘;2],(0,oo)5 / S 331''', 


where 


0[KV';2](a) 

0[KV';2](a) 


•X . -2/3 

2,,\ 17-2/ 


K-"v) y;"(A)v(A) 

1/3 

v:^v] , 


and (3.37) hold. 


Corollary 3.24. Let 0 < /3 < oo, and let T : ^ 931'^ satisfies conditions (i)-(iii). Assume that 

u, w £ AV(0, oo) and v £ AV(0, oo) be such that V(x) < oofar all x > 0 and V(oo) = oo. Then inequality 


(3.40) 


holds iff 
(3.41) 


<c| 


ll,K(0,oo). 


h £ 931" 


/?,w,(0,oo) 


l|7’y-2/llj8,w,(0,oo) < c||/lli,v/y2,(0,oo)5 / £ 93f'*'- 


Corollary 3.25. Let 0</3<oo, 0<5<1, and let T : 931"' —> 931"' satisfies conditions (i)-(iii). Assume 
that u, w £ '3V(0, oo) and v G AV(0, oo) be such that V{x) < oo for all x > 0 and y(oo) = oo. Then 
inequality (3.40) holds iff both 


(3.42) 



/J,w,(0,oo) 


< c||/l||i_yl/tf-2^,l-l/tf (0,00), 


h £ 93r, 


holds. 


Corollary 3.26. Let 0</3<oo, 0<5<1, and let T : 93y —> 93y satisfies conditions (i)-(iii). Assume 
that u, w £ AV(0, oo) and v £ AV(0, oo) be such that V{x) < oo far all x > 0 and y(oo) = oo. Then 
inequality (3.40) holds iff 


(3.43) 


y2(i/d-i) 


r 


' )l/<5 

H‘] 


j8,w,(0,cx>) 


^ c||/l|li,y3M-2j,i-iM (O oo), h £ 931" 


holds. 
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4. Equivalence theorems eor the weighted inequalities on the cones of monotone functions 

As it is mentioned in the introduction, by substitution of variables it is possible to change the eone 
of non-decreasing funetions to the cone of non-inereasing functions and vice versa, when eonsidering 
inequalities (2.1) and (2.5) for integral operators T. But this proeedure ehanges T also as usually to the 
’’dual” operator. 

The following theorems allows to change the eones to each other not changing the operator T. 

Theorem 4.1. Let 0</3<oo, 0<s<oo, and let T : 9JE ^ 931'^ satisfies conditions (i)-(iii). Assume 
that u, w £ '4V(0, oo) and v £ 'TE(0, oo) be such that V(x) < oo for all x > 0 holds. Then inequality (2.1) 
holds if and only if both 

(4-1) |l^l'I'[V'/^v‘-'A;i/5]|2M(/)||^^|.g^^ < c||/||i,^[yiMvl-V«;i/<5],(0,oo). / € 

where 0 < 6 < s and 

^ ^ J Y-UA)fj > 0 ), 

a oo . L 

(a>0) 

and (2.3) hold. 


Proof. Inequality (2.1) is equivalent to 




(4.2) 

IH * /J/i5,w,(0,oo) 

By Theorems 2.2, (4.2) holds if and only if 




(4.3) 


Hr 


h 




< 


c%\U h £ 9R+, 


' j8/5,w,(0,oo) 

and (2.3) hold. By Theorem 3.4, (4.3) is equivalent to 


(4.4) 


)r 

< c^li/ll 

/3/5,w,(0,oo) 

with 

sjd] S 

(.y 1-0/5)' _ y 1-0/5)'( 



^y 1-0/5)' _ yl-0/Q'(- 




Note that (4.4) is equivalent to (4.1), and this completes the proof. 


To state the next statements we need the following notations: 


Vi(a) : = 

The following statement holds true. 


v-\ 


1/3 


(x > 0). 


□ 


Corollary 4.2. Let 0 < j 3 < oo , 0 < s < oo , and let T : 9JE —> TIE satisfies conditions (i)-(iii). Assume 
that u, w £ AViO, oo) and v £ AViO, oo) be such that V(x) < oo for all x > 0 holds. Then inequality (2.1) 
holds if and only if both 


( 4 . 5 ) 


|vj/[y2^,-1.2]j4/. 


(/)|| 


l/?,W,(0,oo) 


^ c||/lli,iA[V2v-i;2],(0,oo), / 6 TR^, 
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where 

« {Vi • y}-"(A)v(A), (a > 0), 
nvy'-,2]ix)^Viix), (x>0), 

and (2.3) hold. 


Proof. The statement follows by Theorem 4.1 with 6 = s/2. □ 

The following ’’dual” statement also holds true and ean be proved analogously. 


Theorem 4.3. Let 0</3<oo, 0<s<oo, and let T : ^ satisfies conditions (i)-(iii). Assume 

that u, w £ AViO, oo) and v £ TV(0, oo) be such that Vfix) < oofor all x > 0 holds. Then inequality (2.5) 
holds if and only if both 


(D [ Vfv' - 


(4.6) 

where 0 < 6 < s and 

(/>[V:y-^/^-,s/6](x) 


/3,w,(0,oo) 




(V^)' 

^y;(^/^)'(A)v(A), (a>0), 


0[y:/'vi-^/^;5M](Y) 


y-GMyJ^^(^>0), 


and (2.3) hold. 


To state the next statement we need the following notations: 

a Jf vl/3 

y;'v) , (a > 0). 

Corollary 4.4. Let 0</3<oo, 0<s<oo, and let T : —> SUC satisfies conditions (i)-(iii). Assume 

that u, w £ AViO, oo) and v £ AV(0, oo) be such that y*(A) < oofor all x > 0 holds. Then inequality (2.5) 
holds if and only if both 


(4.7) 

where 




0[KV';2](a) * {y; • VA-\x)v(x), (x > 0), 

(D[KV';2](x)*yi*(x), (x>0), 

and (2.3) hold. 


5. The weighted Hardy-type inequalities on the cones of monotone functions 


In this section we consider weighted Hardy inequalities on the cones of monotone functions. 

Note that inequality 

(5.1) l|//„(/)li,,w,(0,co) < c||/IU(0,c«), / e 

was considered by many authors and there exist several characterizations of this inequality (see, survey 
paper [11], [4], [15], [10], and [27]). 

Using change of variables x = \/t, we can easily obtain full characterization of the weighted inequality 

(5.2) l|7/:(/)ll,,w,(o,co) < c||/||,„,,(o.co), / e Wf 
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Our aim in this section is to give the characterization of the inequalities 


(5.3) 



and 


(5.4) 



Inequality (5.3) was considered in [31] in the case when I < p, q < oo, and recently, completely 
characterized in [29, 30] and [27] in the case 0 < p, q < oo. It is worth to mention that in the most 
difficult case when 0 < ^ < p < 1, the characterization obtained in [27, Theorem 3.12] involves additional 
function (p(x) := iy“‘(41T(Y)), where W~^{t) := inf[5 > 0 : 1T(5) = t} is the generalized inverse function 


of W. Theorem 5.3 give us a another characterization of (5.3) and its proof does not use the discretization 
technique. 


Recall the following complete characterization of the weighted Hardy inequality on the cone of non¬ 
increasing functions. 

Theorem 5.1 ([27], Theorems 2.5, 3.15, 3.16). Let 0 < q, p < oo. Then inequality (5.1) with the best 
constant c holds if and only if: 

if) I < p < q < oo, and in this case c » Aq + Ai, where 



(ii) q < p < oo and I < p < oo, and in this case c « Rq + ^i. where 



(iii) ^ < p < 1, and in this case c « Rq + C\, where 


(iv) p < q < oo and p <1, and in this case c = Dq, where 



t>0 

(v) p < 1 and q = oo, and in this case c = Eq, where 


Z)o:=supy p{t) W{mm{T,t])w{T)dT 





(vi) \ < p < oo and q = oo, and in this case c = Fq, where 



(vii) p = oo and 0 < q < oo, and in this case c = Go, where 
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(viii) p = q = oo, and in this case c = Hq, where 


Hq := ess sup 


u(y)dy 


t>o \ Jo ess sup^g(o^y) v(t) 


w(t). 


The following theorem holds true. 


Theorem 5.2. Let 0 < q, p < oo. Then inequality (5.2) with the best constant c holds if and only if: 
(i) I < p < q < oo, and in this case c « Aq + A\, where 


Ag : = sup 

t>0 


Ui (t)w(t) dr y*" (t) 


A* : = sup ly5(0 


t>0 


, vy*(T)/ 


v(T)dT\ ; 


(ii) q < p < oo and I < p < oo, and in this case c « + B\, where 


Bl-.= 


B\ : = 


y*'’(0 Ul(T)w(T)dT] ut(t)w(f) dt] , 


W-p(t) 


U,(t) 

K(r) 


v(T)dT] w(t)dt\ ; 


(ill) ^ < p < 1, and in this case c « 5^ + C\, where 

C, : = esssup—— 

'Jo ' ye(t,oo) y*(T) ' 

(iv) p < q < oo and p <1, and in this case c = D^, where 


Wp(t)w(t)dt\ ; 


f>0 


Dg := sup y* "(0 I C/* (max{T, t})w(T) dr 


(v) p < 1 and q = oo, and in this case c = Eq, where 


t>0 


Eq := ess sup y* '’(t) ess sup t/»(max{r, t})w(T) ; 


r>0 


(vi) 1 < p < oo and q = oo, and in this case c = E* where 


Eq := ess sup w(0 


t>0 


u(y)Vj(y)dy] v(t)Jt ; 


(vii) p = oo and 0 < q < oo, and in this case c = Gg, where 

u(y)dy 


■ CO , />co 


ess sup^g^j, v(r) 


(viii) p = q = oo, and in this case c = H*q, where 

Hq := ess sup 



uiy) dy \ 

li 

ess sup^g(y„) v(t)A 


w(t)dt] ; 


\w(t). 


Proof. By ehange of variables x = 1/t, it is easy to see that inequality (5.2) holds if and only if 


\Hp.u(f)\\ 


holds, where 


1\ 1 


^,vv,(0,oo) 




< C 


i,v,(0,oo), / S 


1\ 1 


1\/1 
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when 0<p<oo,0<q<oo, and 

s«) = a(i)i m = K.(i), m = v(i)(i), f > 0, 
when 0 < p < oo, q = oo, and 

i(,) = *(,) = v(,) = v(i), , > 0, 

when p = q = CO, and 

“(') = “(t)?' = “{?)■ = ’’(t) ' ^ “■ 

Using Theorem 5.1, and then applying substitution of variables mentioned above three times, we get 
the statement. □ 

The following theorem is true. 

Theorem 5.3. Let 0 < q < oo and 0 < p < oo. Assume that u, w € TV(0, oo) and v G AV(0, oo) be such 
that Vt,{x) < oo for all x > 0 holds. Recall that 

Q/3 

v;'vj , (Y > 0). 

Denote by 

U\{x)\= f u(t)[V;]Hf) dt, (x>0). 

Jo 

Then inequality (5.3) with the best constant c holds if and only if: 

(i) I < p < q < oo, and in this case 

C ~ Aq +Ai -|- ||^u(l)||^,w,(0,oo)/||l||p,v,(0,oo). 


where 


Ao : = sup {U\f(T)w{T)dT] [V^] "(0, 
f >0 ''Jo ' 

Ai : =suplTi(0f r [Uir\r)[V;P^^‘’')(^^^v:\r)viT)dT 

t >0 V Jo 

(ii) q < p < oo and \ < p < oo, and in this case 

C ~ Bq -|- -|- ||^h(1)||(^,h',(0,oo)/I|1|Ip,v,(0,oo)5 

where 

Bn : = 


B 


1 • 


[vn“Ko [u\v{T)w{T)dT\ [u\nt)w{t)dt\, 




(iii) ^ < p < 1, and in this case 

C ~ 5q -|- C\ + ||^u(l)ll^,W,(0,OO)/ ||.*.||p,V,(0,OO)j 


Cl 


ess sup 

r6[0,f] 


Winr) 

V*fT) 


Wt {t)w(t) dt 


where 
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(iv) p < q < oo and 0 < p < 1, and in this case 

c — Dq + ||^u(l)||^,H’,(0,oo)/||l||p,v,(0,oo)j 

where 


Do:=sup[yi] '>(0 [Ul]‘^imm{T,t})wir)dT] ; 

f>0 ''Jo ' 

(v) p < 1 and q = oo, and in this case 

C — Eq + ||^u(l)||^,M',(0,Oo)/||l||p,V,(0,Oo)) 

where 

Eq := ess sup[yi]“'?(o( ess sup [t/j](min{T, t])w{T) 

t>0 y T>0 

(vi) 1 < p < oo and q = oo, and in this case 

e — Eq + ||^^u(l)||i^,w,(0,oo)/||l||p,v,(0,oo)j 

where 


Eq : = ess sup wit} 


t>0 



4-p 


0 ^ Jt 


u(y)[vn^iy) dy ) [yr]-'(T)y;"(T)v(T) dr 


Proof. By Corollary 4.4 applied with f3 = q, s = p and T = //„, inequality (5.3) holds if and only if both 

(5-5) - ‘^ll/llp,iy v.i-2v,(o,oo), / e an-'-, 

and 

(5.6) II^m(1)II^,w,(0,oo) ^ e||l||p^v,(o,oo) 

hold. 

Now the statement follows by applying Theorem 5.1. □ 

Theorem 5.4. Let 0 < q < oo and 0 < p < oo. Recall that 


Vdx) := y-^v , (Y>0). 


Denote by 


:^f 


Ui{x):= u(,t)V‘\t)dt, {x>0). 


Then inequality (5.4) with the best constant c holds if and only if: 
(i) 1 < p < ^ < oo, and in this case 


where 


c^Al+A\ + ||//:(l)||,,w,(o,co)/||l||p,,(o,c»), 


A;: = sup U\{T)w{T)dT] V/{t), 
t>0 ''Jt 


'ko( J t/f'(T)y-('"^'V)y-2(T)v(r) dr 
(ii) q < p < oo and 1 < p < oo, and in this case 


Aj : = sup iy«( 

(>0 
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where 


Vj J U\{t)w{t) dr^ dtj , 

r U'l drY w(t) dt^ ; 


5 *: = 


B\ : = 

(iii) q < p < I, and in this case 

C « 5q -I- Cj + ||//^(l)||^,w,(0,oo)/||A||p,v,(0,oo), 

where 

t/f(r) 


C\ : 


ess sup 

0 '' Te(r,oo) TlvTl 


Wp{t)w{t)dt] ; 


(iv) p < q < oo and p <1, and in this case 

C = Dl + ||//:(l)||,,w,(0,co)/||l||p,v,(0,oo), 

where 


t>0 


Dq := sup Vj'’(01 I f7^(max{s,t})w(s)dsj . 


(v) p < 1 and q = oo, and in this case 


c = Eo + ii//:(i)ii,, 


where 


Eq := ess sup ''(of 

f>0 ^ 


,w,(0,oo)/ ll-^llpo',(0,oo)? 


ess sup U 1 (maxfr, t})w(T )); 

T>0 


(vi) 1 < p < oo and q = oo, and in this case 

^ II^h( 1)II^,M',(0,OO)/ ll^llp v,(0,OO)j 

where ^ 

F*:=esssupw(0( J (J 

Proof. By change of variables x = \/t, it is easy to see that inequality (5.4) holds if and only if 

|l-f^P,s(/)||^,;j,_(0,oo) - ll/llp,'’,(0,OO)> / S 

holds, where 


1 \ 1 


when 0<p<oo,0<q<oo, and 


t/P 


1 \ 1 


1 \ 1 


m(0 = u[- wit) = w{- vit) = V - - , t>0 


t/P 


1\/1 


when 0 < p < oo, q = oo, and 


t n 


1 \ 1 


m(0 = U\- hr, vi>(0 =M-h ^ ^ > 0 


t/\t 


1\/1 


t/\t 


t n 


1\/1 


uit) = u[- ]-, wit) = W - - , v(0 = V - , t>0 


when p = q = CO, and 


1 \ 1 


t/\t 


uit) = u{- —, vi>(0 = vv - , v(0 = V - , t>0. 


tit 


Using Theorem 5.3, and then applying substitution of variables mentioned above three times, we get 
the statement. □ 
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6. The weighted norm inequalities for iterated Hardy-type operators 

In this section we give complete characterization of inequalities (1.5) - (1.6) and (1.7) - (1.8). 

Using results obtained in the previous section we can reduce the characterization of inequality (1.5) to 
the weighted Hardy inequality on the cones of non-increasing functions. 

The following theorem is true. 


Theorem 6.1. Let 0<p<oo, 0<q<oo and 1 < ^ < cxi. Assume that u, w € '1V(0, oo) and v G TT'(0, oo) 
be such that (3.1) holds. Recall that 


0[v; 5 ](y) = ^ r '\t)d?j 


A > 0. 


Denote by 


<1>i(t) := r u(x)^[v; sf'^(x)dx = f u(x)( f v' ^ 
Jo Jo ^ Jo 

Then inequality (1.5) with the best constant ci holds if and only if: 

(i) p < s < q < CO, and in this case ci « Ai i -l- Ai 2 , where 


2p 
.J-fl 

(0 dt] dx, T > 0. 


Ai,i: = sup [<l)i]/’(T)w(T)(iT) 0[v;5] ~{t), 

t>0 '' Jo 


0,2 


sup (t) 

t>0 



^i(r) 
0[v; ^](T) 


0[v; s](T)dT 


■'!-P 

ps 


(ii) q < s < 00 and p < s, and in this case C\ ~ Bn -l- B 12 , where 


Bn : = 


q_ 

s-q 


B 


1,2 


<l)[v; 5]«-"(0( I [<1>i];>(t)w(t) Jr) \(bi\p{t)w{t)dt 
®i(r) 


writ} 



0[v; 5 ](t) 


q{s-p) 

0[v; 5 ](t) Jr) w{t)dt 


a-q 

qs 


s-q 

qs 


(iii) q < s < p, and in this case Ci ~ Bn + Ci, where 

[Oi]p(t) \5 


Cl : 


ess sup- 

0 ^ re(0,0 <I>[v;5](t)/ 


IT* '' {t)w{t) dt 


(iv) s < q < 00 and s < p, and in this case Ci = Di, where 


s-q 

sq 


Di := supO[v; 5 ] K 0 ( ( [Oi]/>(min{T,t})w(r)JT) ; 

f>0 


{y) s < p and q = 00 , and in this case C\ = E\, where 


t>0 


:= ess supO[v; 5 ] '(t) ess sup Oi(min{T, t})vp(T) ; 


r>0 


(vi) p < s and q = 00 , and in this case Ci = Fi, where 


F\ := ess supw(0' 


f>0 



u(y)(b[v; s] Vy) dy ) ' f[v; 5](t) Jt 


s-p 

sp 


Proof By Theorem 3.1 (with the operator T = Hpf), ineqality (1.5) holds if and only if 


( 6 . 1 ) 


f 


< 


fmv; sff 

qlp,w,(0,oo) 

holds. Moreover, ci « Ci. It remains to apply Theorem 5.1. 


ll/ll 00 ), / G 


□ 
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We have the following statement when 5=1. 


Theorem 6.2. Let 0 < p < oo and 0 < q < oo. Assume that u, w € AV(0, oo) and v G AV(0, oo) be such 
that V(x) < oo for all x> 0. Denote by 


V 2 {t) \= f u(x)V^^(x) dx, T > 0. 
Jo 


Then inequality 

( 6 . 2 ) 


H 


p,U 


^,w,{0,oo) 


^ c\ l|/i|li,v-i,(o,oo), h e W 


with the best constant c\ holds if and only if: 

if) p < I < q < oo, and in this case c\ » Aj j -I- A} where 


ti 1 : = sup 

r >0 ^ Jo 


{V2\XT)w(j)dT] V ^(t), 


LJ r/^2(r)\T^ 


(ii) q < \ and p < I, and in this case c\ « 5} ^ -l- where 


1 : = 


v(t) dT 


hR 

P 


V^{t)\ \y 2 \>’{T)w{T)dT] {V 2 ]'’{t)w{t)dt] , 


hi 

‘I 


B 


1,2 


wr^it) 



0 


-t T7 / \ _L ‘lO-p) hi 

/V2(T)\i-p \p(l-9) \ <1 

—J v(t)Jt) wiOdtj : 


(ill) ^ < 1 < p, and in this case cj « 5} ^ -l- C\, where 


C\: = 


WiVir) 

ess sup 

0 '' Te(0,0 y{T) 


1-9 


Wl-^{t)w{t)dt 


1-9 


(iv) 1 < ^ < oo and I < p, and in this case c\ = D\, where 

D\ :=supy‘(of r [y 2 ]^(min{r,t})w(T) Jr)"; 

t>0 '' Jo 

(v) 1 < p and q = oo, and in this case c\ = E\, where 

E\ := ess sup V~^(t)l ess sup y 2 (niin{T, t})w(T) V ; 


t>0 


T>0 


(vi) p < 1 and q = oo, and in this case c\ = E\, where 


E\ := ess sup w(0' 


/>0 



i{y)V^P-\ydy)\ '’v{T)dT\ " . 


hi 

P 


Proof By Theorem 3.11 applied to the operator EIp,u, inequality (6.2) with the best eonstant ci holds if 
and only if inequality 


(6.3) 


fo 


q/p,w,(0,oo) 

holds. Moreover, ci « Ci. In order to eomplete the proof, it remains to apply Theorem 5.1. 


□ 


The following theorems give us another more simpler and natural method for eharaeterization of in¬ 
equality (1.6), whieh is different from that one worked out in [18] and [19]. 
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Theorem 6.3. Let 0 < p < oo , 0 < q<oo and 1 < ^ < cxi. Assume that u, w € '1V(0, oo) and v G ' W { 0 , oo ) 
be such that (3.13) holds. Denote by 


02 (t) := m(y)('P[v; s] ■ 0['P[v; 5]V[v; s]j \x)dx, t > 0. 


Recall that 


'T[v; i'jCY) - l^J ^ (t)dtj , X > 0, 

0['F[v;^]>[v;5]1-^;^](a)«{ (J v^-^'(t) dtj"^, 

Then inequality (1.6) with the best constant c^ holds if and only if: 
if) p < s < q < oo , and in this case 


Is' 

1 t \ I + 5 ' 1 t 

1 v' ■' (a), a > 0, 


A > 0. 


C2 ~ ^2,1 +^2,2 + lll|l|lp,'F[v;i]2PH,(0,0ll?,w,(0,oo)/||l||i,^[v;i],{0,oo), 

where 

Uor 1 

[02]p(t)w(t) (iT)‘'o['P"i/r*~";5]“"(0, 

0 ' 

A., : = sup 4(r) dr) " ; 

(ii) q < s < 00 and p < s, and in this case 


C 2 ~ 52,1 + ^2,2 + lll|l||p,'F[v;i]2/>H,(0,oll?,w,(0,oo)/||l||.s>[v;i],{0,oo), 


where 


Bja : — 


B 


2,2 • - 


0['PV ■S']''"(0( I [02]'’(t)w(t) Jr) \fb 2 \p{t)w{t) dt 

q(s-p) 


s-q q 


•s-<7 

qs 


writ) 



<D2(r) 


s-p . \ pis-q) \ qs 

“■*; 5'](t) Jrj wit)dt\ ; 


,^[W^r-^\s]iT) 

(iii) q < s < p, and in this case 

C'l ~ 52,1 C 2 lll|l|l/7,'F[v;i]^^'u,(0,1)11?.w,(0,oo)/l|l|L,i^[v;i],(0,oo)) 

where 

[ 02 ]^ (r) 


C 2 


ess sup ^ 

0 s re(0,0 0 ['F^<A‘-^;s](t) 


writ)wit)dt] ; 


•s-g 

sq 


(iv) s < q < 00 and s < p, and in this case 

Cl ~ D 2 + lll|l||p,'P[i';i]2Pi(,(0,r)ll5,U',(0,oo)/||l||.s,i/f[v;i],(0,oo)5 

where 


D2 := supO['FV ";5] *(0( f [02]'>(min{T,?}) w(t) Jr) ; 

r>0 


(v) 5 < /) and q = 00 , and in this case 


C2 - E 2 + ||||l|lp,'P[v;i]2p«,(0,f)ll?,w,(0,oo)/||l||i,i/f[v;i],(0,oo), 
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where 

E 2 := ess sup ess sup 02 (min{T, i})w(t) ; 

(vi) p < s and q = 00 , and in this case 

Cl — F 2 + 

where 

F 2 := ess supw(0 

t>0 

Proof. By Corollary 3.5 (applied to Hp u with 6 = 1), inequality (1.6) with the best constant C 2 holds if 
and only if both 

^ C2,l li^ll.9,T[v;i]Y[v;i]‘“‘,(0,oo)> h 6 931''', 
and 

(6.5) IIIIHI^ 

hold. 

Moreover, C 2 ~ C 2 j + lll|l|lp,'i'[ii;i]^'’M,( 0 ,?)ll(?,w,( 0 ,oo)/l|l|li,i/([v;i],( 0 ,oo)' 

Now the statement follows by Theorem 6.1. □ 

We have the following statement when 5=1. 


(6.4) 


H 


p,'V[v,s}^Pu 


if 



M(y)0[T'"l/^‘ 


';^]-'(y)^y 


4'^^f^-^';s](T)dT 


Theorem 6.4. Fet 0 < p < oo and 0 < q < oo. Assume that u, w € AV(0, oo) and v G TV(0, oo) be such 
that Vt(x) < oofor all x > 0. Denote by 


Recall that 

Then inequality 

( 6 . 6 ) 


y*(T) := u(x)(V, ■ [V;ffP(x)dx, r > 0. 

a A y/3 

v;\t)vit)dtj , (Y>0). 


H 


p,U 


h 


^,W,(0,oo) 

with the best constant c^ holds if and only if: 

(i) p < 1 < q < oo, and in this case 


< C2l|/?||i y-i (0„), h e9JC 


where 


Co ~ .Ao 1 "P Ao o -P ||||1|| .11 j 

2 2,1 2,2 ||II "p,V,‘ u,(0,t)\\q,w,(0,t>o)' 


Alq 


|l||l,v,(0,oo)j 


r >0 '' Jo 


A‘j: = sup [V;YlP{T)w{T)dT] [yn"'(0 


A '2 : = sup w:{t} 

t>0 

(ii) ^ < 1 and p < 1, and in this case 



y;(T) 


{y*-[ynrV)v(T)jT 


IzR 

p 
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B 


2,1 


5*2 : = 


[K]-(0 {VlViT)w{T)dT] {Vlr^{t)w{t)dt 


Ll 

q 


writ} 





l-<7 


Vo(t)\i-p , \p(l-<;) \ 9 

{K-[vr]}-'(T)v(T)JTj ; 


(iii) q < \ < p, and in this case 


c\^B\, + C[ + \\\\\\ 


Ip, yfu.co.f) 119,w,(0,oo)' 11 111 


where 


C 


ess sup W^‘’{t)w{t)dt\ ; 

0 ^ r€( 0 ,f) V^i(r) / / 


(iv) 1 < ^ < CXI and \ < p, and in this case 


C2 - D 2 + |ll|l|lp,v2p„,(0,olL,w,(0,oo)/ll-^lll-'’-(0’°°)’ 


where 


D 2 := sup[yi*] '(0( I [y3]'’(min{T,?})w(r)6?T) ; 

t>0 


(v) 1 < p and q = 00 , and in this case 


C 2 - E 2 + |ll|l|lp,y2'’„,(o,oll^,w,(0,oo)/ll^lll-'’’(0’“)’ 


where 


t>0 


E\ := ess sup[yi] ^(0( ess sup [y 3 ](min{T, t})w{T) ; 


r >0 


(vi) p < \ and q = 00 , and in this case 

c\ = E\ + mill 

where 


p,Vfu,(0,t) I l<?,w,(0,oo) / 11 ^ 111 


r >0 



F^=esssupw(0^ u(y)[Vlf^-\y)dy) {V,-[Vl]}-HT)v(T)dT 


0 '' Jt 


1 

1-p 


Le 

p 


Proof. By Corollary 3.23 applied to the operator Hp u, inequality (6.6) with the best eonstant c\ holds if 
and only if both 


f 


(6.7) 

and 

( 6 . 8 ) 

hold. Moreover, « C 2 ,i + ||||1| 
ment. 


{K • [V;ffPuf < cl, ||/|li/pjy..[y,.]|-2,,(0,oo), / 6 


q! p,w,( 0 ,oo) 


l|lp,y,^V(0,f)ll^,w,{0,oo) - ‘^2,2l|l|ll,v,(0,oo), 


p,y.V( 0 ,r)llg,w,( 0 ,oo)/ii'^iii>'’ 


v,(o,oo)- Applying Theorem 5.1 we obtain the state- 


□ 


For the sake of eompleteness we give the eharaeterizations of inequalities of (1.7) and (1.8) here. 
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Theorem 6.5. Let 0 <p<oo, 0 <q<oo and 1 < ^ < cxi. Assume that u, w € 'TV( 0 , oo) and v G 'W{ 0 , oo) 
be such that ( 3 . 13 ) holds. Recall that 


Denote by 


'Fi(t) 


-r 


'F[v; 5 ](y) 


m(y)'P[v; s^^{x) dx 


^ {t)dt] , X > 0 . 


I 

ftt 


r 


u{x)[ I V* '^(t)dtj dx, T > 0. 


2 p 

?TT 


Then inequality ( 1 . 7 ) with the best constant C3 holds if and only if: 
if) p < s < q < 00, and in this case C3 » A31 -l- A3 2, where 


A3J : = sup ['Pi]p(T)w(T)(iT) ^[v;^] ~ft), 
/>() 


A3_2 : = sup Wi{t) 

f>0 


^l(T) 

'P[v; s](t) 


i/r[v; 5 ](t) dT 


ps 


(ii) q < s < 00 and p < s, and in this case C3 x B^ i + B3 2, where 

^3,1 : = f r 'P[v;5]5^(o( r ['Fi]^(T)w(r)^(T) \^i]Tft)w{t)dt]' , 


qs 


B 


3,2 


, W[v;s]{t)J 


w—^it) 

(iii) q < s < p, and in this case C3 « £31 -I- C3, where 

^ (r( ['Pi]"(T)\^ 

C3 : = ess sup ——— 

VJo V re(f,oo) 'P[v;5](t)/ 

(iv) s < q < 00 and s < p, and in this case C3 = D3, where 


<A[v; 5 ](t) dr ) w{t) dt 


■‘!-q 

q.s 


W~^{t)w{t)dt] ; 




D3 := sup'F[v;5] K0( | ['Pi]''(max{T,l})w(T)^i?T) ; 

f>0 


{y) s < p and q = 00, and in this case C3 = £'3, where 


/>() 


£3 := ess sup ^[v; 5 ] ' (i) ess sup 'Fi(max{T, i})w(t) ; 


r>0 


(vi) p < s and q = 00, and in this case C3 = £3, where 


£3 := ess supw(0 


r>0 


MCy)'P[v;5] '(j)J}^) ' f{v,s]{T)dT 


■IzR 

sp 


Proof By ehange of variables x = 1 / 7 , it is easy to see that inequality ( 1 . 7 ) holds if and only if 


H, 


p,U 


h 


< c 


holds, where 


when 0 < q < 00, and 


1\ 1 


t it- 


q,w,( 0 ,oo) 


1\ 1 


L9,V,{0,Oo) 


1\/1 


m(7) = u{- W, M>(7) =w{- W, v(0 = a T -7 , 7 > 0 , 


7 / 7 - 


7 /V 7 ' 


l-s 


u(t) = u[ -)i, M>( 7 ) = v(0 = ^( 7 )(^) ’ ^ > 0 , 


7/72 


when q = 00. 
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Using Theorem 6 . 1 , and then applying substitution of variables mentioned above three times, we get 
the statement. □ 


Theorem 6.6. Let 0 < p < oo and 0 < q < oo. Assume that u, w e AViO, oo) and v G AV( 0 , oo) be such 
that y*(A) < oofor all x > 0 . Denote by 


X oo 

u{x)Vl^{x)dx, T > 0 . 


Then inequality 
( 6 . 9 ) 


H 


p,U 


h 


< ci. 


Ii,y 7 ‘,( 0 ,oo )5 


h £ 


^,W,(0,Oo) 

with the best constant c\ holds if and only if: 

(i) p < I < q < oo, and in this case C3 « A3 ^ + A3 3, where 


A^i-sup [vr' 
t>0 ^ Jt 


\V*2\'>{T)w{T)dT\ K’(0, 


A3 2 : = sup W ‘I it) 


r>0 




(ii) q < \ and p < \, and in this case C3 « 5 ^ ^ where 


B 


3,1 


[V*]HTMT)dTj [V^PCtMOdtj ' , 

„ (kw) • 


ti 


B 


3,2 


(iii) ^ < 1 < p, and in this case C3 « 5 ^ j + C3, where 


C 


3 • 


ess sup-1 W {t)w{t) dt ) 

0 '' T€(?,oo) K(r) / . 


(iv) 1 < ^ < 00 and 1 < p, and in this case C3 = D\, where 


D3:=supy, (t) [y2*]Kmax{T,t})w(T)(iT) ; 

f>0 '' Jo 


(v) 1 < p and q = 00, and in this case c^ = E\, where 


E\ := ess sup y^ ^(t)| ess sup y^CmaxjT, t})w(T) | ; 

t>0 ' r>0 


(vi) p < 1 and q = 00, and in this case c\ = E\, where 


F3 := ess supw(0' 


t>0 


1 

1-p 


KyWp-\y)dy] viT)dT] . 


Le 

p 


Proof By ehange of variables x = \/t, it is easy to see that inequality ( 6 . 9 ) holds if and only if 


H 


p,U 


h 


q,w,{0,oo) 


^ c ll^lli,v-',(0,oo)> h £ 93r 


'1\1 /1\1 ~ 


r 


holds, where 
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when 0 < q < oo, and 

u(t) = 1^(0 = j, V{t) = J' dy, t > 0 , 

when q = oo. 

Applying Theorem 6 . 2 , and then using substitution of variables mentioned above three times, we get 
the statement. □ 


Theorem 6 . 7 . Let 0 <p<oo, 0 <q<oo and 1 < ^ < cxi. Assume that u, w € AViO, oo) and v G AViO, oo) 
be such that ( 3 . 1 ) holds. Denote by 

\2P 


/ \^p 

¥2(t) := m(y)( 0[v; s] ■ 'F[0[v; 5]>[v; s]\ (x) dx, r > 0. 


Recall that 


0[v; 5 ](y) = I I v' '\f)dt\ , Y > 0, 


.v' + l 


i/r[0[v; 5]>[v; 5]^ ";5 ](y) 


r 


2 / 






, ^CO . -- 

'P[0[v; ^]>[v; s](x) ^ | J ( v‘-^'j v'-^' 


(t) dt 


1 

1 +.?' 


Then inequality ( 1 . 8 ) with the best constant C4 holds if and only if: 
if) p < s < q < 00, and in this case 


C4 « A4 1 +A4 2 + ||||l||p,(D[v;i] 2 p, 


w,(f,oo)ll^,w,(0,oo)/ ll-^ll5,0[v;5],(O,oo)9 


where 


A4J : = sup ['P2 ]''(t)w(t) Jr) 5] "ft), 

/>o ^Jt 


^4,2 : = sup WAt) 

t>0 

(ii) q < s < 00 and p < s, and in this case 


T'2(t) 




0[o> ^; 5 ](t)Jt ; 


ti-p 

ps 


C4 « 84 I + B4 2 + ||||l||p,<D[v;i] 2 p, 


w,(/,oo)||^,w,(0,oo)/ ll-^ll5,0[v;5],(O,oo)9 


where 


B 


4,1 • 


^; 5]‘'-*(0 {A>2\AT)w(T)dT] \A^2\At)w{t)dt] , 


£z£ 

qs 


B41 '■ — 


W-At)' 


¥2(t) 


_s_ q{s-p) 

5](t) Jr] w{t)dt\ ; 


f 5](r) 

(ill) q < s < p, and in this case 

C4 ~ B41 + C4 + |||| 1 || p,0[i';5]2/^w,(?,oo) I li^,w,(0,oo) /11 1 115,<^[v;5],(0,oo); 

where 

\A> 2 ]At) 


■‘‘-‘I 

qs 


C4 : = 


ess sup 

0 ^ reiuoo) 


W^-Ai)w{t)dt] ; 


■!-<7 

sq 
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(iv) s < q < oo and s < p, and in this case 


C4 + ||||l||p^(])[v; 5 ] 2 pt/^(;^oo)llg,w,( 0 ,oo)/l|l|L,(/>[v’; 5 ],(0,00)9 

where 

D 4 := sup'F[O‘'' 0 ^“^; 5']~*(o( f ?})w(t) Jr 

r>0 ' Jo ' 

(v) s < p and q = 00, and in this case 


^4 ~ + ||||l||p^(l)[v;i]2Pi<^(f^oo)ll^,w,(O,oo)/||l|L«,0[v;i],(O,oo)9 

where 

E 4 := ess sup'F[O‘'0^“^; 5]”*(o( ess sup 'F 2 (inax{T, ?})w(t) 

t>0 ' r>0 

(vi) p < s and q = 00, and in this case 

^4 ~ E4 + ||||l||p^(l)[v;.s] 2 pu^(f^oo)ll^,w,( 0 ,oo)/||l|Ls,i^[v;i],(0,00)9 

where 


t>0 


■00 , />r 


F 4 : = ess supw(0( I ( I m(>')'P[ 0 ‘V^ tir 


■y-F 

sp 


Proof. Obviously, inequality ( 1 . 8 ) holds if and only if 


HA h 


< c 


holds, where 


when 0 < q < 00, and 


1\ 1 


tip 


q,w,{0,oo) 


l\ 1 


L9,V,{0,00) 


1\/1 


u(t) = u{ - -, w(t) = w{- -, v(0 = V - -7 , t> 0 . 


t It- 


t /\t- 


l-s 


u(t) = u[ -)i, w(t) = v(0 = ^(7)(^) ’ ^ > 0, 


tip 


when q = 00. 

Using Theorem 6 . 3 , and then applying substitution of variables mentioned above three times, we get 
the statement. □ 

Theorem 6.8. Let 0 < p < 00 and 0 < q < 00. Assume that u, w € AV( 0 , 00) and v G AV( 0 , 00) be such 
that V(x) < 00 for all x > 0 . Recall that 


y,(x) :=( I vA] , (x>0). 


Denote by 

Then inequality 

( 6 . 10 ) 


V3(t) 


X oo 

u{x){V ■ VlA(.x)dx, r > 0 . 


p,U 


h 


^ c\ l|/*lll,V-i, (0,00)9 


q,w,{0,oo) 


with the best constant c^ holds if and only if: 
if) p < I < q < 00, and in this case 
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where 


A4i: = sup [V 3 ]p(T)w(T)dT] [Vi] \t), 

t >0 ^Jt 


A42 : = sup]y 5 ( 0 . , . 

f>0 ^Jt 



Li 

p 


{V ■\yi\}-\T)v{T)dry ; 


(ii) q < \ and p < I, and in this case 

C4 ~ ^4,1 ^4,2 

where 


B 


4,1 


<2 : = 


{v^]HT)w{T)dy v;(t)w{t)dt^ , 

T 7 / \ _L g(‘-P) 

1 {V-[Vi]}-\T)v(T)dT] W{t)dt 



0 \Jt \Vdr)l 


(iii) q < \ < p, and in this case 

C 4 « ^4 j + C] + ||||l||p,v 2 pu,(r , 00 ) I i^,w,(0,oo) / 11 1 111 ,v,(0,oo)? 

where 

[V 3 ]"(t)\T^„ . 


1^4 . 



ess sup 

0 '' r6(/,oo) Vi(t) 


W'-^iiftwiftdt] ; 


1-9 


(iv) 1 < ^ < 00 an(i 1 < p, and in this case 

where 

:= supVf^Cof r [y3]^(max{rA})w(T) Jr)"; 
f>0 '' Jo ' 

(v) 1 < p and q = 00, and in this case 

where 


E\ := ess sup ^( 0 ( ess sup [y3](max{T, i})w(t)| ; 

r>0 ^ r>0 ' 

(vi) p < 1 and q = 00, and in this case 

where 


, i 

F4 : = ess sup w{f) p 


t >0 



u(y)V^‘’-'(y)dyy'’{V ■ yj}-2 (t)v(t) Jr) 


Proof. Obviously, inequality ( 6 . 10 ) holds if and only if 


Hp,u\ I h 


^,H',(0,OO) 


< C||/l||i y-l (0,oo), h G 9 jy 


1\1 /1\1 ~ 


1 \ 1 


holds, where 
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when 0 < q < oo, and 

u(t) = M>(0 = j, y*(0 = ^ ^ 

when q = oo. 

Applying Theorem 6 . 4 , and then using substitution of variables mentioned above three times, we get 
the statement. □ 


Remark 6 . 9 . It is worth to mention that Theorem 6.3 - 6.8 ean be proved by redueing eorresponding 
iterated inequality to the eone of monotone funetions. For instanee: inequality ( 1 . 7 ) with the best eonstant 
C3 holds if and only if inequality 


f 


fuW[v; s] 


2p 


< 


q/p,w,{0,oo) 


Cj ll/IL/p,iA[v;i],(0,oo), / S 911’'^ 


holds, and the statement of Theorem 6.5 immediately follows by Theorem 5 . 2 . 
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